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Abstract

Recent empirical research shows that a reasonable characterization of federal-funds rate
targeting behavior is that the change in the target rate depends on the maturity structure
of interest rates and exhibits little dependence on lagged target rates. See, for example,
Cochrane and Piazzesi (2002). The result echoes the policy rule used by McCallum (1994)
to rationalize the empirical failure of the ‘expectations hypothesis’ applied to the term-
structure of interest rates. McCallum showed that a desire by the monetary authority to
adjust short rates in response to exogenous shocks to term premiums imbedded in long rates
along with a desire for interest smoothing can generate term structures that account for
the puzzling regression results of Fama and Bliss (1987). That is, rather than forward rates
acting as unbiased predictors of future short rates (or equivalently, current forward premi-
ums acting as unbiased predictors of the future short-rate changes), the historical evidence
suggests that the correlation between forward rates and future short rates is surprisingly
low. McCallum also clearly pointed out that this reduced-form approach to the policy rule,
although naturally forward looking, needed to be studied further in the context of more
realistic response functions such as the now standard Taylor (1993) rule. We model the
term premium endogenously and solve for equilibrium term structures in environments in
which interest-rate targeting follows a Taylor rule. Our first goal is to demonstrate that
the simultaneous determination of interest-rate targets and long rates results in endogenous
equilibrium term premiums in which the Taylor rule and the ‘McCallum rule’ are observa-
tionally equivalent. That is, as a positive statement, the Taylor rule is well-approximated
in equilibrium by the forward-looking behavior of the McCallum rule. This arbitrage-free
approach, similar in spirit to Ang and Piazzesi (1993), helps us reconcile observed policy
behavior with observed term structure behavior. Our second goal is to ask a more nor-
mative question about the interest-rate smoothing behavior of the monetary authority. In
particular, in what sense are these rules optimal from the perspective of private agents in
the economy? We show that when such a rule can offset the effects of a risk premium on
agents optimality conditions, the McCallum Rule forms an optimal monetary policy.



1 Introduction

Understanding a monetary authority’s policy rule is a central question of monetary eco-
nomics. Understanding the determinants of the term structure of interest rates is a central
question of financial economics. Combining the two creates an important link across these
two related areas of economics, and has been the focus of a growing body of theoretical
and empirical research. Since the work by Mankiw and Miron (1986) which established a
clear change in the dynamic behavior of the term structure after the founding of the Federal
Reserve, researchers have been working to uncover precisely the relationship between the
objectives of the monetary authority and how it feeds back through aggregate economic
activity and the objectives of bond market participants, to determine an equilibrium yield

curve that embodies monetary policy considerations.

Of particular interest in this area is the work by McCallum (1994a). McCallum showed
that by augmenting the expectations-hypothesis model of the term structure with a mone-
tary policy rule that uses an interest rate instrument and that is sensitive to the slope of the
yield curve, i.e., the risk premium on long-term bonds, the resulting equilibrium interest
rate process is better able to capture puzzling empirical results based on the expectations
hypothesis alone. Kugler (1997) established that McCallum'’s findings extend across a va-
riety of choices for the maturity of the “long bond,” as well as across a variety of countries.
McCallum (1994b) applied a similar argument to foreign exchange puzzles. Although the
policy rule used by McCallum was not an innovation per se since it has a relatively long
tradition in the literature documenting Fed behavior (see, for example, the descriptions in
Goodfriend (1991) and (1993)), McCallum’s innovative use of such a rule for empirical term
structure analysis leads us to refer to such a yield-curve-sensitive interest-rate-policy rule
as a “McCallum Rule.” This stands in contrast to other interest-rate policy rules based on

macroeconomic fundamentals, such as the well-known “Taylor Rule.”

The benefits of integrating macroeconomic models with arbitrage-free term structure



models will depend on the perspective one takes. From a purely empirical asset-pricing
perspective, building term-structure models based on macroeconomic factors has proven to
be quite successful. Ang and Piazzesi (2003), following work by Piazzesi (2001), have shown
that a factor model of the term structure that also imposes no-arbitrage conditions, can
provide a better empirical model of the term structure than a model based on unobserved
factors or latent variables alone. Estrella and Mishkin (1997), Evans and Marshall (1998)
and (2001), also provide evidence of the benefits building arbitrage-free term-structure

models with macroeconomic fundamentals.

From a monetary economics perspective, using information about expectations of future
macroeconomic variables as summarized in the current yield curve, is attractive since high-
quality financial-market data is typically available in real time. Monetary policy rules
based this information, therefore, may be better suited for dealing with immediate economic
conditions, rather than rules based on more-slowly-gathered macroeconomic data (see, for
example, Rudebush (1998), Cochrane and Piazzesi (2002), and Piazzesi and Swanson (2004),

among others).

There has been some recent work that seeks to combine these two dimensions. Rude-
busch and Wu (2004) and Ang, Dong and Piazzesi (2004) investigate the empirical con-
sequences of imposing an optimal Taylor Rule on the performance of arbitrage-free term

structure models.

The optimality of McCallum rules, however, has not yet been studied in the same
rigorous fashion as the optimality of Taylor Rules. In this paper, we extend the theoretical
term-structure models on which these empirical macro-finance studies are based, to include
both a formal macroeconomic model and an explicit monetary policy rule. Our goal is
summarized by Cochrane and Piazzesi (2002) who estimate a Fed policy rule and find that
when setting target rates, “the Fed responds to long-term interest rates, perhaps embodying
inflation expectations, and to the slope of the term structure, which forecasts real activity.”

In other words, we ask whether a rule that directly responds to macroeconomic fundamentals



such as inflation or inflation expectations and real output or expected real output, e.g., a
Taylor Rule, can be equivalent to a McCallum Rule in which short-term interest rates are
set in response to term structure considerations, as suggested by the work of Cochrane and
Piazzesi. If so, then what are the theoretical restrictions on both the asset-pricing behavior
of the economy and macroeconomic behavior of the economy that result in this equivalence?
In addition, we find the conditions under which a McCallum Rule is “optimal” from the
perspective of private agents in the economy. This parallels the optimality of the Taylor

Rule studied in Clarida, Gali and Gertler (1999).

We begin in Section 2 by reviewing McCallum’s basic argument and consider an exten-
sion to a broad class of equilbrium term structure models with a particularly convenient
linear-factor structure. We extend McCallum’s result to the case of an endogenous risk
premium and show that his conclusions are essentially unchanged. In Section 3 we develop
a simple “New Keynesian” macroeconomic model based on Clarida, Gali and Gertler (1999)
and study the equilibrium in this economy when the monetary authority follows a Taylor
Rule. In addition, we establish the conditions under which the McCallum Rule and the
Taylor Rule are equivalent. This equivalence depends critically on the link between fun-
damental macroeconomic shocks to inflation and output and the risk premiums earned in
the long-term bond market. This equivalence depends critically on the link between fun-
damental macroeconomic shocks to inflation and output and the risk premiums earned in
the long-term bond market. These findings also suggest how our model can be modified to
accommodate other equilibrium term-structure models. In particular, the risk premiums
in our basic model are the result of stochastic volatility in the underlying state variables.
But recent empirical research (see Dai and Singleton (2002) and (2003)) shows that mod-
els where risk premiums result from constant volatility and a “price of risk” that depends
on the underlying state variables have much better empirical properties. In Section 4 we
show that with plausible parameters for the macroeonomic model and a plausible monetary
policy rule, the McCallum Rule is consistent with empirical evidence. The final section

summarizes and concludes the paper.



2 McCallum meets Duffie-Kan

We begin with a brief review of the McCallum (1994) model of the term structure that
embodies an active monetary policy with an interest rate instrument. Denote the price at
date t of a default-free pure-discount bond that pays 1 with certainty at date t+n as b}'.The

continuously compounded yield on this bond, 7}, is defined as:

¢ = exp{—nr{}, (1)
or

no_Logpn (2)

Ty = n g0 -

We refer to the interest rate, or short rate, as the yield on the bond with the shortest

maturity under consideration, 7; = r}. The one-period forward rate, fJ, implicit in the

price of an n + 1 period bond is defined in a similar way,

byt = b exp{—f;'}, (3)
or
fir =log(bp~t /). (4)

This implies a relationship between yields and forward rates:

S (5)

A simple version of the “expectations hypothesis” relates the forward rate to the expec-
tation of a comparably timed future short rate, and a risk premium. In other words, the

risk premium, rp}, is defined by the equation

ftn = Eirygn + nf? (6)

Combining equations (5) and (6) for the case of a 2-period bond, n = 2, results in the
familiar equation

1
ry = 5(7% + Eirepr) + & (7)



Define the short-rate forecast error as €. 11 = rt41 — Eyregq, and rewrite (7) as
rep1 — e =2(r7 — 1) — & — €141 (8)

When the risk premium is a constant, equation (8) forms a regression that can be estimated
with observed bond-market behavior. There is also nothing particularly special about the
2-period maturity since we could imagine studying the comparable regression at any ma-
turity for which we have data. The well-known Fama and Bliss (1987) empirical puzzle
demonstrates that regressions based on equation (8) are strongly rejected in the data, and
the coefficient on the term premium, 77 — 7, is significantly smaller than predicted by equa-
tion (8). These empirical facts have been established in a wide variety of subsequent studies
summarized in Backus, Foresi, Mazumdar and Wu (2001). Dai and Singleton (2002) and

(2003) study these rejections in the context of a wide variety of models of the risk premium,

&t

The expectations hypothesis as stated, is not a very complete model since it neither
specifies the stochastic process for exogenous shocks or the mapping from these shocks
to endogenous bond prices and yields. By combining a specification of the risk-premium
process with an interest-rate model, McCallum (1994) was able to integrate the expectations
hypothesis and an analysis of a simple monetary policy rule that uses the short-rate as
an instrument. In other words, he specified additional restrictions on the expectations
hypothesis that embody an active monetary policy and an exogenous risk premium. We

refer to the rule as the “McCallum Rule,” which takes the form

Tt = WpTt—1 + 2,U,f(7‘t2 — Tt) + &4, (9)

where e; is a state variable summarizing the other exogenous determinants of monetary
policy. The monetary policy rule implies that the monetary authority intervenes in the
short-bond market to try to achieve two (perhaps conflicting) goals: “short-rate smoothing”
governed by the parameter p, and “yield-curve smoothing” governed by the parameter p .

We will return to the motivation for and the practical implications of this monetary policy



rule shortly, but it is first instructive to see how the McCallum Rule affects our interpretation

of the strong empirical rejections of the expectations hypothesis.

Combining equations (8) with (9) yields a linear stochastic difference equation for the

interest rate:

1+Nf) Hr 1

Eiri = ( re — —7ri—1 — & — —E¢. (10)
1223 1233 1223

Using a first-order process for the risk premium,

& = pEi—1 + €, (11)

where ef is exogenous noise, and |p| < 1, McCallum (1994) shows that a stable solution,

when it exists, is given by a linear function of the pre-determined or exogenous state vari-
ables,

re = Mo + Miri—1 + Ma& + Maey, (12)

where

_ Ly = [ ) — A ]

M,y
2u

: (13)

is the equilibrium interest-rate-feedback coefficient which, in turn, determines the other

coefficients:

My = 0 (14)
2py
M, = 15
? 1+ (1—p—M)uy 1)
1
My = . 16
’ 1+ (1= M)y 16)

A particularly simple special case is extreme interest-rate smoothing, u, = 1 (which is the

also the model studied by Kugler (1997)), which implies,

2py
L—pus

Ty =711+ & + et (17)

and an expectations-hypothesis-like regression based on the equation

Ei(rev1 —re) = 2ppp(rf — 1), (18)



which combines equation (17) with the risk-premium equation (11). It is evident, there-
fore, that the McCallum Rule combined with the expectations hypothesis can account for
the Fama-Bliss type of empirical findings. The coefficient from a regression motivated by
equation (8) must be now be interpreted using the result in equation (18). The apparent
downward bias is simply a reflection of the combination of persistence in the risk premium,
p, and the monetary authority’s yield-curve smoothing policy, py. Since it is reasonable
to think of either or both of these parameters as numbers significantly less than 1, the

downward bias documented in the empirical literature is a natural finding for this model.

Note also that if p = 0 and there is no persistence in the risk premium, or if the monetary
authority is unconcerned with the slope of the yield curve, iy = 0, the model implies that
there is nothing to be learned from the traditional expectations-hypothesis regression, as
there is no longer a link between changes in the interest rate and the forward premium: the
interest rate is engineered by the monetary authority to always follow a random walk, and
the risk premium is simply unforecastable noise. Therefore, for McCallum’s integration of
monetary policy and a term-structure theory to be useful in rationalizing such empirical
findings, persistence in the risk premium and sensitivity of monetary policy to the slope of

the yield curve are central assumptions.

A limitation in McCallum’s analysis is the exogeneity of the risk premium. The deeper
source of the risk premium and how factors driving the risk premium might be related to
factors that affect the interest rate, are left unspecified. Since McCallum’s analysis, however,
there have been numerous advances in the area of equilibrium term structure modelling that
capture many of these effects. Moreover, as summarized by Dai and Singleton (2000, 2002,
2003) much of this literature has focused on linear rational expectations models (termed
“affine models”) and have been directed at similar empirical puzzles as those that motivated
McCallum’s work. To re-interpret McCallum’s findings in the context of this newer class
of models, we turn now to a log-linear model of multi-period bond pricing that anticipates

the log-linear macroeconomic model in which we will imbed our analysis of monetary policy



rules. We adopt the Backus, Foresi, Mazumdar and Wu (2001) discrete-time version of the
model of Duffie and Kan (1996) model of the term structure. The model begins with a
characterization of the dynamic evolution of the state variables. Then the state variable
are linked to the process for state prices, or the pricing kernel, which is then used to solve

for arbitrage-free discount bond prices of all maturities.

Denote the k state variables of the model as the vector s;. The dynamics of the state
variables are modelled using a first-order vector autoregression with conditional volatility

of the “square-root” form:
Sip1 = (I — D)0 + Bsy 4+ X(s¢) %ers1, (19)

where €, ~ iitd N(0,I), ® is a k X k matrix of autoregressive parameters assumed to be
stable, 6 is a k x 1 vector of drift parameters, and the conditional volatility process is given
by:

S (s¢) = diag{ey + 3} s1},i = 1,2, ..k (20)
Since the variance must by positive, the parameters, a; and G;, of the volatility process

satisfy a set of sufficient conditions to insure this (see Backus, Foresi, Mazumdar and Wu

(2001)).
The asset-pricing kernel is related to these state variables by the equation:
—logmii1 =T+ I‘lTst + /\TE(st)l/QetH. (21)

The k x 1 vector X is referred to as the “price of risk.” The log-linear structure implies
that the log of the pricing kernel inherits the conditional log normality of the state variable

process.

We can use this pricing kernel to solve for arbitrage-free discount bond prices. By the
definition of the pricing kernel,

b = E[me1bi]- (22)



Given the log-normality built into the model, it is natural to conjecture a bond-price process

that is log-linear in the state variables, s;:
—logb' = A(n) + B(n) s, (23)

where A(n) and B(n) are k x 1 vectors of undetermined coefficients. Similarly, the contin-

uously compounded yields will be linear functions of the state variables:

A B(n)"
P n~logbl' = (n)+ (n) St. (24)

ry = —
t n

The bond-price/yield coefficients can be found recursively given the initial conditions A(0) =

0 and B(0) = 0, (i.e., the price of an instantaneous payment of 1 is 1). The recursions are

given by:
k
1
A(n+1) = A(n) + To + B(n) " ( 05D (N +B(n);)’a;, (25)
Jj=1
and
1 k
B(n+1) =T +B(n) ®— 2% (A +B(n);)’8). (26)
j=1
The interest-rate process is given by:
—logbl = A1)+ B(1)s;
1o 1o
= (g D) 0] 5 3 (27)

7j=1

Extending this to a 2-period-maturity bond will allow us to define the state-dependent risk
premium, &, in a natural way. Define the risk premium using the expectations hypothesis

as in equation (7):

1
i i(rt + Eiregn) + &

- gMD+BﬂF&+MD+BGFE%M+&
1

ziun+§waﬁuf¢w+3ufu+¢pﬂ+& (28)

But since we also know that the 2-period yield satisfies the equilibrium pricing condition:

2 _ AR BT

= 29



we can write, therefore, the risk premium on a 2-period bond as

k
& = —% Zfi (az' + @Té’t) : (30)
i=1
where
A1 1 k 9 T 1 1 b 2 ,T
Fi: —5 Fli_i J;)\jﬁ] )\z‘i‘i Fli_§ J;)\]ﬁ] . (31)
i i

Naturally, this logic extends to the definition of a risk premium for any maturity bond.

The source of the state-dependent risk premium in this model is through the state-
dependent conditional variance of the state variables and the pricing kernel. Absent this
volatility, i.e., 8 = 0, the risk premium is a constant function of the maturity and, hence,
would provide no scope for an active policy response as characterized by the McCallum
Rule. Dai and Singleton (2002) and (2003) have shown that a model in which the state
dependence of the risk premium is the result of a state-dependent price of risk, rather
than volatility, is equally tractable yet provides a much better empirical model. In light of
these facts, we first develop the McCallum Rule and its relationship to the Taylor Rule in
the stochastic volatility framework. Having developed the structure and the intuition that
delivers the equivalence, we will be able to see how a state-dependent price-of-risk model

can generate comparable results.

Relating the endogenous risk premium back to our earlier discussion of McCallum’s
model, the equilibrium risk premium in this model inherits the dynamics of the state vari-
ables, s;. McCallum’s specification for the dynamics of the risk premium therefore translates
directly to our specification of the dynamics of the underlying state variables, provided the
risk premium is state dependent, G; # 0, for at least one value of 7. In the next section we
will relate these state variables to the shocks in a more complete macroeconomic model.
Note, however, that we can repeat the McCallum Rule analysis for this more general term
structure model which will allow us to characterize a similar sort of expectations-hypothesis-

regression as in McCallum’s analysis.

10



To see this most clearly, consider the case of a single-factor model, £ = 1. Equations

(30) and (19) imply that the dynamics of the risk premium in the one-factor model are:

St+1 = ot ﬁg)(l i) + P& + *%ﬁz(st)lmﬁtﬂ, (32)

where, in obvious notation, all parameters are the natural scalar equivalents of the param-
eters in equation (19). Combining this risk-premium process with equation (10) allows us

to solve for the equilibrium interest rate process as before:
re = Mo + Myre—y + Mo&y + Msey, (33)
where

xp = Lty = [0+ ) = dpag] V2
1 201,

, (34)

is the equilibrium interest-rate-feedback coefficient which, in turn, determines the other

coefficients:

~ _ufMgf(a—l-ﬁg)(l - (19)

My = : (35)
2(1 — pgy)

. 2

My = SR (36)
14 (1—® — M) py

. 1

M; = —. (37)
14+ (1= M)y

In other words, with the exception of the constant, Mo, and the replacement of p with ®,

the solution is unchanged. Once again, turning to the special case of u, = 1, we have

_u?f(a+69)(1—¢)+r L2
1) —@uy)

ry =

f
38
1—<I>,uf£t+5t’ (38)

which, aside from a nonzero intercept term, implies an expectations-hypothesis regression

comparable to equation (18):

pyl(a+50)(1 - @)
L—py

Ei(rip1 —m) = + 2<I),uf(7‘t2 — 7). (39)

We next develop a macroeconomic model that both defines the abstract state variables,

s¢, and provides the desired link between the two monetary policy rules under consideration.

11



3 A Macroeconomic Model

We introduce a simple New-Keynesian macroeconomic model. The model is an extension
of the baseline macroeconomic model in Clarida, Gali and Gertler (1999). We extend their
basic model to allow for time-varying risk, which leads to a time-varying risk premium in
the term structure. The model consists of two equations: bond demand and an inflation
relationship. Bond demand is modeled through the lifetime savings and investment problem
of a representative agent and inflation is modeled through firms’ staggered price setting with

cost push shocks. Monetary policy is modeled by an interest rate rule.

There is a representative consumer who choses consumption and investment plans to
solve the intertemporal optimization problem:

[e'e] le"y
Z exp{—éi}lt_iﬂ7

1=0

7 (40)

max F;

subject to the standard intertemporal budget constraint. Here C} is consumption, exp{—d}

is the time preference parameter and ~ is the coefficient of relative risk aversion.

Let P, be the nominal price level at time t and let r; be the continuously compounded

interest rate. The first-order condition for one-period bond holding is:

<Ct+1 > P
Cy P

Similar first-order conditions apply for the holdings of all financial securities. The logarith-

exp{—7} = exp —0E; (41)

mic pricing kernel therefore is
—logmyt1 =0+ (Act1) + i1, (42)

where ¢, = log C, is the logarithm of consumption, A is the difference operator and w41 =

Alog P;11 is the inflation rate.

Let z; be the logarithm of the natural rate of output, and y; the logarithm of the actual

rate of output. The logarithm of the output gap, x, is
Ty = Yt — Tg. (43)

12



Let G; be government expenditures. The aggregate budget constraint for the economy is

Ci +Gy =Y. (44)

Defining ¢; = —log< — %) as relative government spending, and Z; as the natural

rate of output less relative government spending, 2; = z; — g¢, the logarithmic form of the
aggregate resource constraint is

¢ = Ty + % (45)

The natural rate of output less relative government spending, Z;, is determined exogenously.
The output gap, x;, is determined endogenously by the interest rate policy set by the

monetary authority.
Inflation evolves according to
T = Yas + KB + ug. (46)

where 1) is a positive constant measuring the impact of the current output gap on inflation
and 0 < k < 1 is the effect of expected future inflation on current inflation. Equation (46)
is derived from a model of firms’ optimal price setting decision with staggered price setting.
Here, u; is a stochastic shock to firms’ marginal costs, and we refer to u; as the cost push
shock. Iterating equation (46) forward, the equilibrium inflation rate is
0o
m =Y K (VB [wryi] + B [uryi]) - (47)
i=0
Using the aggregate resource constraint, equation (45), the definition of Z;, and the
inflation process equation (47), the logarithmic pricing kernel is:
00
—logmyy1 =0+ (Awgpr + AZpy) + Z K (VEu [Tes14d] + B [wpd]) . (48)
i=0
Both AZ; and wus evolve exogenously. To describe the conditional volatility of the cost

push shock, u;, we introduce an additional state variable 7;,. The state variable 7; can

13



help predict the conditional volatility of cost push shocks, and therefore contributes to the

dynamics of the risk premium in the term structure.

To parallel the structure of the term structure model of Section 2, define the state
vector s/ = (A%, m:,uz) . The vector sy follows an autoregressive process with volatility of

the “square root” form:

i1 = (1 — ®)0 + s + D(s) €41, (49)
with
d = diag{[@., @, D]}, (50)
0 = [0, 0y, 0u], (51)
Y (s¢) = diag{ (o, o, oy + Bugte + Buutir) } (52)

and € ~ iid N(0,1).

The conditional volatilities of the growth of the natural rate of output and 7; are both
constant while the conditional volatility of the cost push shock can be time varying. The
intuition of our results, however, is robust to incorporating time varying volatility in the
growth of the natural rate of output or the shock 7. Our current parameterization is chosen

for simplicity.

The dynamics of the risk premium depend only on the dynamics of the conditional
volatility of the cost push shock. If 3,, = B4, = 0 then the conditional volatility of all
the state variables is constant and there is no state dependence in the risk premium in the
term structure in equilibrium. If 3,, = 0 and 3,, # 0 the conditional volatility of the cost
push shock only depends on the current level of the cost push; here the risk premium only
depends on the cost push shock. If 3,, # 0 and $,, = 0 the conditional volatility of cost

push shocks only depends on the current level of n; the risk premium only depends on 7.

Both the output gap and the inflation rate are determined endogenously. The monetary

authority sets the interest rate to respond to the current value of the state variables. The

14



current output gap adjusts so that the the equilibrium bond demand derived from equa-
tion (41) holds. Inflation is set according to equation (47). Rational expectations holds in
equilibrium; the representative agent’s beliefs about the distribution of future output gaps
and future inflation rates are consistent with the monetary authority’s policy rule and the

process followed by the state variables.

We assume that the monetary authority sets an interest rate policy that is an affine
function of the state vector. We will show in Proposition 1 that a version of such an
interest rate rule implies that the current output gap and current inflation are linearly
related to the cost push shock u;. If we use the framework developed by Clarida, Gali and
Gertler (1999) to determine optimal monetary policy, the optimal output gap would depend

only on the cost push shock — see their equation (3.5), for example.
The monetary authority sets an interest rate policy such that the output gap is
x: = Dyuy, (53)
where D, is a constant determined by the monetary policy.

Using the dynamics of the state variables and the output gap process, the inflation

process is
YDy +1

YD, +1
=—(1-9,
l—n@u( )0u +

Uy, 4
v l—m(ﬁuut (5)

Tt

Using the output gap and the solution for the inflation rate, we can compute the log-
arithm of the pricing kernel, which leads us to our first set of results, summarized in the

following proposition.

Proposition 1 Suppose that the output gap is a linear function of the cost push shock, with

coefficient D,,. Then, the pricing kernel is

—logmyrr =T+ T st + ATS(s) €41, (55)

15



with

YDy +1
Fg=9 D, I —d)6,
YDy, +1
Il = [7®:,0, ( 7Dy + 7=~ | @4 — 7D ,
[w 0 ('7 oy gl (57)
and
YDy
A = 17,0,7D, + ——2 1. 58
709D, + 225 (58)
The interest rate is equal to
Tt = F() + FlTSt, (59)
with
R =
D, Y YDy +1 Dy, Y
¢Z7_7 P un s DU -5 T (Du_ Du_i P uu .
gl 2(7+1_,@u)6n<7 +1—/~<:<I>u> gl 2(7+1_H¢u)ﬂ
(60)
The risk premium is equal to
rpe = Ho+ H{ sy, (61)
with
1
H\' = =2 Fru(Fru + 2X0)[0, Bun, Buul, (62)

4

where Fyy is last element of F1 and A, is the last element of \.

Conversely, if the monetary authority sets interest rates according to equation (59), then

the output gap and inflation rate follow as in equations (53) and (54).

Proof: The solutions for the pricing kernel follows by substituting the output gap and
inflation solutions into the pricing kernel, equation (48). The resulting interest rate and
risk premium follow from the expressions for the affine model developed in Section 2. The
converse follows from inverting the bond demand equation for the current output gap, given

a linear form for expected output and expected inflation and matching terms. m

16



The proposition shows that a linear feedback rule for the interest rate can result in an
output gap that is linear in the cost push shock. We can also rearrange the interest rate
rule in the form of a “forward-looking Taylor rule” of the type studied by Clarida, Gali and
Gertler (1999)

(1 —krDy)(1—D,)0
kP, (1 — ad,)

N 1—k®
r = Fo — Fiy “ +F1ZAZt+F1n77t+F1u(I) “ )Et[ﬁtﬂ] (63)
u

(¥Dy + 1

The proposition shows that a linear feedback rule for the interest rate results in an affine
term structure model. The interest rate can be put in the form of a McCallum Rule. We
consider two cases. In the first case, suppose that the conditional volatility of the cost push
shock depends on 7; only: 3., # 0 and 3,, = 0 To write the interest rate in the form of

the McCallum Rule, define the matrix:

Py
A=| B |, (64)
(0,0,1)
and the vector
=] = [, & A% (65)
Then,
Eiq1 = Asy
= A1 —®)0+ APAT'E; + AS(s0) 26141 (66)

The parameters in the McCallum Rule are found by matching parameters for .1 in the
equation (66) — the first row of the matrix A®A~'— with the parameters in equation (38).
Here, [A®A~1]);3 x A% is the exogenous parameter affecting the monetary policy in the

McCallum rule; the term &; in equation (38).

We have therefore shown that when the conditional volatility of the cost push shocks

depend on 7, the interest rate rule depends on lagged interest rates, the risk premium and
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AZ;. As a consequence, the McCallum Rule can implement a policy where the output gap
depends on the cost push shock. We have not, however, shown that empirically plausible
parameters for the structural model and the interest rate policy rule would lead to param-
eterization for the McCallum Rule that is consistent with empirical evidence on deviations

from the expectations hypothesis.

For the second case, suppose that the conditional volatility of the cost push shock
depends on u; only: 8,, = 0 and 8,, = 0. Here, the risk premium only depends on u,
implying that the interest rate only depends on Az; and u;. Although it is possible for the
interest rate to be written in the form of a McCallum rule, now the coefficient on u; satisfy
two restrictions. First, the output gap should react to the cost push shock appropriately.
Second, the interest rate must react to the risk premium appropriately. There is nothing in
the model that guarantees that such conditions can be met. We will explore the quantitative

implications of the model in the next section.

4 Quantitative Implications

Here, we study plausibly parameterized versions of the macro model and the policy rule.
Use use the examples to determine what properties the implied output gap rule and term

structure have in an economy satisfying a McCallum Rule.

To be added.

5 Conclusion

We have shown that the McCallum (1994a) result that the expectations hypothesis, when
adjusted for an active interest-rate monetary policy rule that has a yield-curve smoothing
component, matches observed dynamic patterns in the term structure than the expectations

hypothesis alone, extends to the case of an endogenous risk premium. In addition, we have
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shown that a simple New-Keynesian macroeconomics model along the lines of Clarida, Galii,
and Gertler (1999), can be used as a macroeconomic foundation for identifying the relevant
state variables and parameters of a latent-variable or unobservable-factor model of the term
structure. Within this macro-term structure model, we show when the McCallum Rule is
equivalent to the Taylor Rule. The equivalence depends critically on the macroeconomic
source of the volatility-driven risk premium in long-term bonds. Further, we establish
conditions on the macroeconomic model under which the McCallum Rule could be viewed
as an optimal monetary policy. If there is an exogenous factor that affects the risk premium
on the long bond but is unrelated to the inflation-output gap tradeoff, then the McCallum
Rule can impliment the optimal policy. That is, it accommodates the risk premium that
acts as a wedge in the relationship between the curent output gap and interest rates. If
the risk premium is related to the inflation-output gap tradeoff, then it is difficult for the
McCallum Rule to simultaneously target the risk-premium wedge and the output gap. This
may be the reason why Cochrane and Piazzesi (2002) find that allowing both the long
rate and the long-short spread to enter the policy rule for target-rate changes, provides the
best empirical model. In the context of the McCallum Rule, such a policy function allows
the monetary authority to balance the inflation-output gap tradeoff with the risk-premium

wedge.

Future research will extend our stochastic-volatility-based risk-premium model to the
class of models shown by Dai and Singleton (2002) to hold more promise for capturing all
of the salient features of observed yield-curve behavior. Such a model will capture the state
dependence in the risk premium through a state-dependent price of risk (A in equation
(21)), rather than through state-dependent volatility. Such a model is as tractable as the
model we study, but has better empirical properties. The macroeconomic foundations of
this model will maintain constant volatilities, but will require a preference shock in equation
(41) which can be motivated in a variety of ways (e.g., the external habits specification of
Campbell and Cochrane (1999), Wachter (2004) or Dai (2000). Mirroring the result in

section (3) of our paper, the factors driving this preference shock must be correlated with

19



the inflation-output gap tradeoff to provide scope for the McCallum Rule or the Taylor Rule

to capture optimal monetary policy.
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